Abstract. We prove the p -spectral radius formula for n-tuples of commuting Banach algebra elements. This generalizes results of [6] , [7] and [10] .
Let A be a Banach algebra with the unit element denoted by 1. Let a = (a 1 , . . . , a n ) be an n-tuple of elements of A. Denote by σ(a) the Harte spectrum of a, i.e. λ = (λ 1 (1 ≤ p < ∞), see [10] , cf. also [4] . If σ(a) is empty we put formally r p (a) = −∞.
Clearly r p (a) depends on p. On the other hand instead of the Harte spectrum we can take any other reasonable spectrum (e.g. the left, right, approximate point, defect, Taylor etc.) without changing the value of r p (a), see [4] , [9] .
For a single Banach algebra element the just defined spectral radius r p (a) does not depend on p and coincides with the ordinary spectral radius r(a 1 ) = max{|λ 1 | : λ 1 ∈ σ(a 1 )}. By the well-known spectral radius formula we have in this case
The spectral radius formula for n-tuples of Banach algebra elements was studied by a number of authors, see e.g. [1] , [2] , [6] , [7] , [8] . In this paper we generalize results [6] , [7] and [10] . Let a = (a 1 , . . . , a n ) be an n-tuple of elements of a Banach algebra A. Instead of powers of a single element it is natural to consider all possible products of a 1 , . . . , a n .
Denote by F (k, n) the set of all functions from {1, . . . , k} to {1, . . . , n}. Denote further 
Proof. The statement is obvious for p = ∞. For p < ∞ we have
It is well-known that the previous lemma implies that the limit lim k→∞ s k,p (a)
Thus we may define
Similarly we define
we write shortly r p (x) instead of (r(x)) p . In general the limit in (1) does not exist. The limit exists if a 1 , . . . , a n are mutually commuting. This can be proved analogously as in Lemma 1 by using the submultiplicativity of the spectral radius.
Theorem 2. Let a = (a 1 , . . . , a n ) be an n-tuple of elements of a Banach algebra A.
Proof. The case p = ∞ was proved in [7] , Theorem 1. Let p < ∞. The second inequality is clear.
Denote by A 0 the closed subalgebra of A generated by the unit 1 and the elements a 1 , . . . , a n . By [5] , Proposition 2 there exists a multiplicative functional h :
and r p (a) ≥ r p (a).
If a = (a 1 , . . . , a n ) is an n-tuple of mutually commuting elements then a better result can be proved.
We use the standard multiindex notation. Denote by Z + the set of all non-negative integers. For α = (α 1 , . . . , α n 
We shall use frequently the following formula (for commuting variables x i ):
In particular, for = (a 1 , . . . , a n ) is a commuting n-tuple of elements of a Banach algebra A, then the definitions of r p (a) and r p (a) assume a simpler form:
Theorem 3. Let a = (a 1 , . . . , a n ) be an n-tuple of mutually commuting elements of a Banach algebra A.
Proof. For p = ∞ the first equality was proved in [10] and the second in [7] , Theorem 2. We assume in the following p < ∞.
Recall that the number of all partitions of the set {1, . . . , k} into n parts is equal to 
Thus
The remaining inequality r p (a) ≤ r p (a) will be proved by induction on n.
For n = 1 Theorem 3 reduces to the well-known spectral radius formula for a single element.
Let n ≥ 2 and suppose that the inequality r p ≤ r p is true for all commuting (n − 1)-tuples.
For
Using the compactness of < 0, 1 > n we can choose a sequence
and the sequences
are convergent for j = 1, . . . , n. Denote k(i) = |α(i)| and
By (2) we have
We distinguish two cases:
(a) t j = 0 for some j, 1 ≤ j ≤ n. Without the loss of generality we may assume that t n = 0.
Denote a = (a 1 , . . . , a n−1 ),
where
and
Finally, Since
